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Mean propagation velocity of multiphoton wave-packet states with nonzero
Lorentz-invariant mass.
S. V. Vintskevich1 and D.A. Grigoriev1
1Moscow Institute of Physics and Technology, Institutskii Per. 9, Dolgoprudny, Moscow Region 141700, Russia
The concept of Lorenz invariant mass and mean propagation velocity have been investigated in
detail for various multiphoton wave-packet states of light. Based on photodetection theory and
straightforward kinematics, we presented a physically reasonable and at the same time rigorous
proof that mean propagation velocity is consistent with the Lorentz-invariant mass concept for an
arbitrary multiphoton wave-packet state. We argued that mean propagation velocity is less than
the speed of light constant in vacuum and is governed by geometric properties of state’s amplitude
in wave-vector space for arbitrary wave-packet states. To classify states with different fixed values
of Lorentz-invariant mass, we introduced a specific set of modes that allow us to describe the wave-
packet state in its rest frame.
PACS numbers: 42.50.−p
I. INTRODUCTION
Present-day experimental techniques in quantum optics
allow measuring the time of arrival (ToA) of single pho-
tons with femtosecond precision. Quantum interference
phenomena play an essential role in such measurements.
In particular, the Hong-Ou-Mandel (HOM) effect [1] was
utilized to detect the speed of propagation of structured
light photons in free space, which was shown to be less
than the speed of light [2]. We believe this result to have
an important methodological meaning. It follows that
practical implementation of "exotic" (structured) photon
states requires a reexamination of some of properties of
such states related to propagation speed, even in vacuum
[3–7].
Recently, a new approach has been proposed, which
is based on a somewhat unusual implementation of the
well known physical concept of Lorentz-invariant mass (LI
mass). The concept of LI-mass is directly related to mean
propagation velocity of classical light pulses, including
structured, [8–10] and multiphoton quantum states [11].
The physical meaning of light pulse’s or state’s LI mass
can be described by the following statements:
1. If a system has nonzero LI mass, there exists a ref-
erence frame where the system as a whole remains at
rest. For a spatially localized state of light, it means
that spreading is the only motion existing in this refer-
ence frame.
2. LI mass of a light state (light pulse) characterizes
the energy of its diffraction.
3. Let 〈H〉 and 〈~p〉 be mean energy and momentum of
light in the laboratory reference frame. One can calculate
LI mass and mean propagation velocity as follows:
m2c4 = 〈H〉2 − 〈~p〉2 c2
v
c
=
√
1− m
2c4
〈H〉2 =
c| 〈~p〉 |
〈H〉 (1)
In our previous work [9], we showed that any structured
localized light pulses propagate with the speed that is less
than the speed of light in vacuum. Moreover, the mean
propagation velocity does not depend on the pulse energy,
but on its spatial structure, i.e., its distribution in the
wave-vector space. This claim is a direct inference of the
third statement and (1) above. On the other hand, accord-
ing to the first statement, there exists a reference frame
where a given structured pulse, and even more generally,
any spatially localized state of light, is at rest as a whole.
This observation leads to natural questions: can one pro-
vide a rigorous derivation of the slowing down effect for
arbitrary states based on photons registration (light in-
tensity) in the experiment? How can we classify the state
of photons with a fixed value of LI mass? This paper aims
to give a supplement to listed LI mass fundamental phys-
ical meaning, answering the above questions. We provide
several illustrative examples in Section II to give proper
intuition and perspective on LI mass of various quantum
states. The presented derivation does not imply any a pri-
ori information about the reference frame. Contrary, in
Section IV, we focus on a rest frame specific property and
demonstrate how to use spherical harmonic modes to rep-
resent multiphoton states with nonzero LI mass. Modes
with well-defined LI mass are constructed based on the
wave-packet quantization technique proposed by U. M.
Titulaer and R.J. Glauber [12] and further developed by
B.J. Smith and M.G. Raymer [13] within a problem of a
photon’s wave function in coordinate representation (we
also recommend [14, 15]). In conclusion, we briefly dis-
cuss specific methods and tools which we believe could be
useful in possible experiments to detect various effects, in
particular, related to LI mass.
II. CALCULATION OF THE
LORENTZ-INVARIANT MASS FOR VARIOUS
STATES
One can calculate LI mass for an arbitrary quantum
state of light described by density operator ˆ̺ as follows:
m2c4 =
(
trˆ̺Hˆ
)2
−
(
tr ˆ̺~ˆp
)2
c2, (2)
where tr is trace operation. One Density operator ρ can
be represented either in the Fock basis or in the basis of
multimode coherent states [16]; Hˆ =
∫
d~k~ωkaˆ
†
s(
~k)aˆs(~k)
and ~ˆp =
∫
d~k~~kaˆ(~k)†aˆ(~k) are Hamiltonian and momen-
tum operators of free electromagnetic field. Operators
aˆs(~k) and aˆ
†
s(
~k) are annihilation and creation operators.
2The subscript s denotes polarization degree of freedom,
ωk = c
√
k2x + k
2
y + k
2
z is the dispersion relation for elec-
tromagnetic field in vacuum in accordance with Maxwell
equations, c is the constant of light speed in vacuum.
A. LI mass of two mode pure and mixed states.
To make the derivation more clear, we suppose that the
polarization is fixed, focusing our attention on plane-wave
modes of photons with a well-defined wave-vector ~k. We
will begin with basic example of single-photon pure Fock
state |1~k0〉. LI mass equals zero for this state as expected
according to (2). Moreover, LI mass is also zero in the case
of n-photon Fock state with fixed mode ~k0. In contrast,
one can consider another n-photon state:
|ψ〉 = |n~k1
2
,
n~k2
2
〉 , n~k1 = n~k2 = n ≥ 2, (3)
which is a Fock state with two different k-modes (~k1 and
~k2) and n/2 occupation number in each mode. n is as-
sumed to be even positive integer. For the sake of sim-
plicity we choose |~k1| = |~k2| = ω0/c. The state (3) has
nonzero LI mass:
mn−ph =
n~ω0
c2
sinϑ/2, (4)
where ϑ ∈ (0, π] is the angle between wave vectors ~k1 and
~k2. This equation is the direct n-photon generalization of
the expression, obtained in the work [17] by L.B. Okun
for two-mode states in case of n = 2 (two noncollinear
photons) and also mentioned by P.Saari in [18]. Note
that if ϑ = 0 in (4) which means collinear propagation of
n-photons, LI mass is zero as expected.
Let us now consider LI mass of an another important
model of mixed quantum n-photon states and compare it
with its pure state. We choose the following density ma-
trix and n-photon state to describe this n-photon mixed
state:
ˆ̺n−ph =
∑
i
λi |n~ki〉 〈n~ki | ,
∑
i
λi = 1 (5)
|ψ〉n−ph =
∑
i
√
λie
iφi |n~ki〉 , (6)
where φi is a phase of state with wave vector ~ki into the
coherent superposition. Again, we assume |~ki| = ω0/c, ∀ i
similar to the above. Let us denote ϑij to be the angle
between wave vectors ~ki and ~kj , and ϑij = 0 if i = j. The
mean energy in case of (5) and (6) according to (2) reads:
tr(ˆ̺n−phHˆ) =
∑
i
λi
∫
d~k~ωk 〈n~ki | aˆ
†
~k
aˆ~k |n~ki〉 = n~ω0.(7)
tr(|ψn−ph〉 〈ψn−ph| Hˆ) =∫
d~k~ωk
∑
i,j
√
λiλje
i(φj−φi) 〈n~ki | aˆ
†
~k
aˆ~k |n~kj 〉 =
= n~ω0 (8)
The momentum calculation is also straightforward:
tr(ˆ̺
n−ph
~ˆp) = tr(|ψn−ph〉 〈ψn−ph| ~ˆp) = n~
∑
λi ~ki (9)
As a result, according to (2) calculation of LI mass yields:
m2c4 = (n~ω0)
2

1−∑
i,j
λiλj cos (ϑij)

 =⇒
m =
2n~ω0
c2
√√√√∑
i>j
λiλj sin
2
(
ϑij
2
)
. (10)
In general, LI mass of n-photon mixed and pure states
presented in (7) and (8) does not coincide with pure two
mode n-photon state in (3). But, formally, if λ = 1/2, LI
mass is the same in both (4) and (10). It is clear from
examples above that coherent and incoherent superposi-
tion gives the same mean value of LI mass, but of course,
one can easily distinguish these states e.g., by performing
HOM based measurements [19].
However, the case of a mixed n-photon state is not that
simple. The density matrix in (5) defines the statisti-
cal properties of an ensemble, where coefficients λi are
classical probabilities. This means that we prepare the n-
photon state with a specific wave-vector from one exper-
imental realization to another. For any particular state
presented in the mixture (5), LI mass is zero. In contrast,
the coherent superposition (the pure state in (6) ) de-
scribes a multi-photon wave packet, which can be treated
as an isolated system. In other words, in every experimen-
tal realization, we prepare the same pure state, which has
nonzero LI mass. Thus, a state (ensemble) preparation
procedure plays a crucial role in physical interpretation
of LI mass of a quantum state of light. But, one may
expect that lack of difference between LI mass of differ-
ent mixed and pure states is inevitable, because LI mass
was defined through already averaged Hamiltonian and
momentum operators.
In modern experiments, one can prepare single-photon
temporal wave-packet states by conditional measurement
using spontaneous parametric down-conversion (SPDC)
two-photon source. One can also produce single-photon
wave-packets in experiments with spontaneous emission
of an atom (we recommend, e.g. [20]). It is worth to
mention that SPDC is well-known and standard tool to
prepare two-photon entangled wave-packets. Neverthe-
less, we should keep in mind that the effects related to LI
mass stem from spatial shaping and localization of multi-
photon wave-packet states, which we will consider in the
next section.
B. LI mass of wave-packet states.
We pointed out in the previous section that LI mass of
a single or n-photons Fock state describing state with the
fixed mode ~k is zero. But in fact, it is not the case for
single photon wave-packet. Let us consider the following
3state:
|ψ〉wp =
∑
i
ψi |1~ki〉 =
∑
i
ψi
aˆ†~ki
∆k
3
2
∆k
3
2
i =⇒∫
ψ(~k)aˆ†(~k) |vac〉 d~k =
∫
ψ(~k) |1~k〉 d~k;
aˆ†(~k) =
aˆ~ki
∆k
3
2
, ∆ki −→ 0, (11)
where |1~ki〉 ≡ |. . . 000~ki000 . . .〉 is a single mode Fock
state with only ~ki mode exited, ∆k
3/2
i = (2π/L)
3/2,
aˆ†~ki
and aˆ†(~k) are the photon creation operators in dis-
crete and continuous space representation respectively.
Here we use a standard transition from discrete summa-
tion to integral representation with continuous variable ~k:
(L/2π)3
∑
ki
∆ki −→
∫
d~k, assuming that volume element
∆k3 in ~k - space tends to zero. Also we replaced ψi with
its continuous variable analog ψ
(
~k
)
. We can easily gen-
eralize state in (11) and produce n-photon wave-packet
state probabilistically using for e.g. beamsplitters (com-
prehensive review and methodological insight are given by
Z.Y.J.Ou [21, 22]):
|ψ〉n−phwp =
∫
Ψ(~k) |n~k〉 d~k (12)
Let us calculate LI mass for one specific state [16], where
state |φ〉n−phwp corresponds to the pseudo localized single
photon state, center at given time in point ~r0:
|φ〉n−phwp =
∫
1
(
√
πσ)
3
2
e−
(~k−~k0)
2
2σ2
ei
~k ~r0 |1~k〉 d~k. (13)
One can immediately check that average number of pho-
tons in the state (13) is 〈n〉 = ∫ 〈φaˆ†(~k)aˆ(~k)φ〉 d~k ≡ 1 ,
and state is properly normalized. Let us substitute (13) in
(2). At first we calculate the mean momentum, choosing
z - coordinate axis along ~k0. To calculate mean energy we
use spherical coordinates in ~k - space (k, θ, φ). As a result
we have:
〈~ˆp〉 = ~~k0
〈Hˆ〉 = ~c
(
√
πσ)3
∫
k3e
−(~k−~k0)
2
σ2 sin θdkdθdφ =
2π~ce−
~k20
σ2
(
√
πσ)3
∫ ∞
0
k3e−
~k2
σ2
∫ π
0
e
2kk0 cos θ
σ2 sin θdθdk =
= ~ck0erf
(
k0
σ
)(
1 +
σ2
2k20
)
+
√
1
π
~cσe−
k20
σ2 (14)
Finally, using calculated mean momentum and energy
(14) we get "not obvious" result that LI mass is not zero
for the single-photon wave packet:
m2c4 =
(
~ck0erf
(
k0
σ
)(
1 +
σ2
2k20
)
+
√
1
π
~cσe−
k20
σ2
)2
− (~ck0)2 ≈ (hcσ)2 , k0 ≫ σ =⇒
m ≈ ~σ
c
. (15)
The obtained result is definitely in agreement with the
second statement in the introduction regarding LI mass’s
physical sense. LI mass is nonzero for wave-packets with
finite spatial size. Here we provide an example from paper
[11] which supports this observation. In this paper, the au-
thors considered two-photon (another name is biphoton)
wave packet produced in a frequency - degenerate Type-I
SPDC process. This two-photon state is entangled and
has the following form:
|φ〉biph ∝
∫
d~k⊥1d~k⊥2e−(
~k⊥1+~k⊥2)
2
w2p ×
×sinc
[
Lλp
8πno
(
−(~k⊥1 + ~k⊥2)
)2]
|1~k⊥1 , 1~k⊥2〉 , (16)
where L is the length of a crystal (along the z-axis), no
is the refractive index of the ordinary wave in the crystal,
wp and λp are waist and central wavelength of a pump
beam. Moreover, authors established direct link between
entanglement measure and LI mass of biphoton state (16).
It was shown, that if wp ≫
√
Lλp, the Lorentz-invariant
mass of biphoton pairs can be rewritten as
mbiph ≈ ~K
2cwp
√
1
π
ln
(
πL
2noλp
)
≫ ~
2cwp
, (17)
where constant K ∝ 2πwp
√
n0√
Lλp
≫ 1 is Schmidt number
characterizing the degree of entanglement of the biphoton
state. One can see that again, wave-packet’s spatial size is
the key parameter that governs LI mass along with spatial
mode structure. Thus, in general, LI mass of an arbitrary
wave-packet state can be roughly estimated as follows:
m ∝ ~
c
const
3
√
V
, (18)
where const depends on wave-packet structure defined
by state’s amplitude ψ(~k, . . . ), V is a localization vol-
ume in the coordinate space. This result agrees with
the purely classical approach for spatially localized light
pulses [9, 10]. To conclude, it is worth to calculate the
mean propagation velocity for the wave-packet (13). Ac-
cording to definition (1) mean propagation velocity of (13)
is given by:
v = c
√(
1− σ
2
k20
)
, (19)
which is in accordance with experimental results in [2]
and classical derivations in [8–10]. But, we would like
to put attention on fact, that overall result does not de-
pend on Plank constant ~ which supports the idea that
4propagation velocity is defined by geometrical properties
of a mode, but LI mass represent joint corpuscular-wave
(excitation-mode) nature of a spatially localized photon
state.
C. Remark about a polarization degree of freedom
and calculation of wave-packet’s LI mass.
In the examples illustrated above, we excluded polar-
ization degrees of freedom from consideration, which, of
course, gives an incomplete scope of LI mass’s properties.
In this subsection, we consider wave-packet states, includ-
ing the polarization degree of freedom. Let us consider
n-photon wave-packet state:
|ψ〉polwp =
∑
s
∫
ψs
(
~k
)
|n~k,s〉 d~k, (20)
where index s stands for the polarization degree of free-
dom, and we assume the following normalization condition
for the wave function
∑
s
∫
d~k|ψs
(
~k
)
|2 = 1. To calculate
mean energy, momentum and LI mass according to (2)
we denote |ψ(~k)|2 as an analog of marginalized probabil-
ity |ψ(~k)|2 = (1/ 〈n〉)∑s ns|ψs (~k) |2 with respect to the
polarization variable s, but normalized by average num-
ber of photons, where 〈n〉 = ∫ ∑s ns|ψs (~k) |2d~k. As a
result we have:
〈Hˆ〉 =
∑
s
∫
~ω~k 〈ψpolwp a†s(~k)as(~k)ψpolwp 〉 d~k =
= 〈n〉
∫
~ω~k|ψ
(
~k
)
|2d~k
〈~ˆp〉 = 〈n〉
∫
~~k|ψ
(
~k
)
|2d~k, (21)
The LI mass is calculated as usual, based on (1). How-
ever, if one considers a coherent superposition of two wave-
packet states with different amplitudes which, in general,
depend on the polarization index: φ˜s(~k) and φs(~k), con-
sequently resulting LI mass must be expressed through∑
s |φ˜s(~k)± φs(~k)|2. Such sum of amplitudes gives rise of
possible interference effects which influence on LI mass
and mean propagation speed as well. We believe this
straightforward observation may be useful for a possible
experiments involving LI mass.
III. DERIVATION OF N-PHOTON
WAVE-PACKET’S MEAN PROPAGATION
VELOCITY BASED ON INTENSITY
PHOTODETECTION
We learned about LI mass’s properties in the previous
section, but we did not provide any information about
how to detect the effects related to LI mass, namely the
slowing down effect. In this section, we are answering
the first question from the introduction, regarding mean
propagation velocity. Namely, can one provide a rigor-
ous derivation of the slowing down effect for arbitrary
states based on photons registration (light intensity) in
the experiment? From (1) and (2) one can easily note
that calculations of mass and mean propagation velocity
are directly related to finding of quantum mechanical av-
erages of operators, which depend on linear combinations
(with respect to mode index ~k) of normally ordered oper-
ators aˆ†s
(
~k
)
aˆs
(
~k
)
, which in turn are directly related to
the field intensity in the experiment. On the other hand,
in experiment one observes detector’s rates (counts) of
the registering photon. According to the R.J. Glauber’s
photodetection theory [23], to describe intensity measure-
ments for one-photon state one needs to calculate the first
order field correlation function:
Γ(~r1, t1, ~r2, t2) = 〈Ψ ~ˆE(−)(~r1, t1) ~ˆE(+)(~r2, t2)Ψ〉 ,(22)
where ~ˆE+(~r, t1) is the positive frequency electric field op-
erator. Here we use the standard flat-wave mode expan-
sion of field operators:
~ˆE+(~r, t) = i
√
~c
2π
∑
s
∫
d~kaˆs(~k)
√
k~ǫ~k,se
i~k~r−ωkt. (23)
Note that ~ˆE(−)(~r, t) = ~ˆE(+)†(~r, t). Let us consider the
case of an arbitrary n-photon wave-packet state intro-
duced in (20). One can generalize this result further by
considering a suppositions of wave-packet states given by
(20) with different number of photons and various forms of
amplitudes (wave-functions) ψs
(
~k
)
. It is worth to men-
tion that one can construct an even more general state
by including the superposition of n-photon states. As-
sume that we place an array of ideal (with sizes much less
then wave-packet’s characteristic size) detectors in an ar-
bitrary plane z, where we suppose that z ≫ cτ and τ is
wave-packet temporal width. Let us choose an arbitrary
point ~r = ~r⊥+ z~ez. Thus registered intensity distribution
at this point and time interval t+ dt reads:
pz (~r⊥, t) =
Γ(~r, t, ~r, t)∫
Γ(~r, t, ~r, t)d~r⊥dt
, (24)
and
〈v〉 = | 〈∂~r
∂t
〉 | = |
∫
∂~r
∂t
pz (~r⊥, t) d~r⊥dt| (25)
The detailed derivation and proposed simplifications are
given in Appendix (VII). In this section we leave only key
expressions and calculation results. Firstly, one can easily
find that denominator in (24) is equal 2π 〈Hˆ〉 which in
fact is the energy normalization of intensity distribution.
Secondly, substituting in (25) expressions (24), (23) we
have to calculate the following expression:
〈Ψ|
∫
∂~r
∂t
~ˆE(−)(~r, t) ~ˆE(+)(~r, t)d~rdt |Ψ〉 =
〈Ψ|
∫
∂
∂t
(
~r ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)d~r
)
dt−
∫
~r
(
∂ ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)
∂t
dt
)
d~r |Ψ〉 (26)
5Long but straightforward calculations yield that the over-
all expression reduces to the average momentum multi-
plied by the speed of light constant c:∫
∂
∂t
(
~r 〈Ψ ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)Ψ〉 d~r
)
dt =
c
∫
(k⊥~e⊥ + kz~ez)
∑
s
|ψs
(
~k
)
|2d~k = c 〈~ˆp〉 (27)
Combining all the calculation results, we proved the valid-
ity of the general formula for mean propagation velocity
(25) and obtain the following final expression:
〈v〉 = | 〈∂~r
∂t
〉 | = c | 〈~ˆp〉 |〈H〉 . (28)
This derivation demonstrates that the straightforward
kinematic approach is in agreement with the dynamic
treatment and concept of LI mass, answering the first
question in the introduction. However, it is important
to emphasize that we made averaging over intensity dis-
tribution recorded by array of detectors (pixels) of the
ideal bucket detector absorbing the whole n-photon state.
Moreover, one can perform somewhat different analysis
based on higher orders of correlation functions and differ-
ent setups, which could lead to other fruitful results.
IV. CLASSIFICATION OF STATES WITH FIXED
LORENTZ-INVARIANT MASS
General formulas of LI mass that we gave in pre-
vious sections for various states make sense only if
〈∆kx∆ky∆kz〉 6= 0, or in other words, if the state has
nonzero volume in k-space and in the coordinate space
consequently. If this requirement is met, we have a wave
packet with the real-valued nonzero LI mass. However, it
is clear that in general, different multiphoton states could
have the same value of LI mass. In this section we try
to construct sets of states with fixed LI mass. According
to the physical meaning of LI mass, it is the energy of
the wave-packet (localized light pulse) in its rest frame.
Consequently, the most direct way to classify states with
fixed LI mass is to describe an arbitrary wave-packet in
its reference frame. Thus, it means that we impose the
following restrictions:
(i) The mean value of momentum operator for any of
these special modes is zero: 〈~ˆp〉 ≡ 0. Mathematically we
impose that:
〈Hˆ〉 =
∑
s
∫
~ω~k 〈ψr.fwpa†s(~k)as(~k)ψr.fwp〉 d~k =
=
∫
~ω~k
(∑
s
|ψr.fs
(
~k
)
|2
)
d~k = mc2
〈~ˆp〉 =
∫
~~k
(∑
s
|ψr.fs
(
~k
)
|2
)
d~k = 0 (29)
where r.f. - indicates that we consider some specific set of
states |{ψr.f.}〉 in the rest frame.
(ii) Each mode represents wave-packet state with
nonzero LI mass in its rest frame.
(iii) We assume that the field is free and influence of
the source is insignificant.
Let us now construct such modes that would satisfy
the above conditions. The requirement 〈~ˆp〉 ≡ 0 imposes
that these new modes must express rotational symmetry
properties. The most natural candidates seem to be the
spherical harmonics [24], which are the basis functions for
irreducible representations of SO(3) rotational group in
three dimensions
Yl,j
(
θ~k, φ~k
)
= (−1)j
√
(2l+ 1)(l − j)!
4π(l + j)!
P jl (cos(θ))e
i(jφ~k),
j ≥ 0. (30)
where P jl (cos(θ)) - are associated Legendre polynomials.
These functions form a complete set of orthonormal func-
tions :
∑
l,j
Yl,j
(
θ~k, φ~k
)
Y ∗l,j
(
θ′~k, φ
′
~k
)
=
δ(θ~k − θ′k)δ(φ~k − φ′~k)
sin (θ~k)
;
∫ 2π
0
∫ π
0
dφ~kdθ~k sin(θ~k)Yl,j
(
θ~k, φ~k
)
Y ∗l,j
(
θ~k, φ~k
)
=
= δll′δjj′ (31)
As we mentioned earlier, LI mass is the energy of spread-
ing in the rest frame, thus one needs to expect that its
value must be related to Hamiltonian’s eigenvalues - en-
ergy. In other words, states with fixed LI mass are degen-
erate. This observation concurs with rotational symmetry
and one imposed by requirement 〈~ˆp〉 ≡ 0. To construct
this set of states we use the approach proposed by Titulaer
and Glauber [12] and more recently extended by Smith
and Raymer [13] by introducing new set of modes. Thus,
let us define new annihilation and creation operators for a
single photon, or one may say - excitation quanta, in this
new modes:
bˆ†(m)l,j;[s] =
∫
d~k
δ (k − km)
k
Yl,j(θ~k, φ~k)aˆ
†
[s](
~k)
aˆ†[s](
~k) =
∑
l,j
∫
dm
δ(km − k)
km
Y ∗i,j(~k)bˆ
†(m)l,j;[s] (32)
where we introduced indices [s] andm denoting fixed value
of polarization and value of LI mass and assume that km =
mc/~. One can easily check that operators bˆ†(m)l,j;[s] and
bˆ(m)l,j;[s] obey bosonic commutation relations, where m
is assumed to be a continuous variable:[
bˆ(m)l,j;[s], bˆ
†(m)l,j;[s]
]
= δ(m−m′)δll′δjj′
bˆ†(m)l,j;[s] |vac〉 = |m, lj〉1−photon (33)
The correspond states of bˆ†(m)l,j;[s] are normalized and
6form complete basis set:
〈m, lj|m′, l′j′〉 = δ(m−m′)δll′δjj′∑
l,j
∫
dm |m, lj〉1−photon 〈m, lj|1−photon = 1ˆ (34)
We can generalize these states in case of multiphotons to
standard Fock basis [12]. Using (32) and (23) Hamiltonian
takes a very simple form:
Hˆm =
∑
s
∫
mc2
(
bˆ†(m)l,j;[s]bˆ(m)l,j;[s]
)
dkm, (35)
where we add index m to Hˆ stressing that we used non-
standard modes. However, for any l, j and m, state
|m, lj〉 is the eigenstate of Hamiltonian (35): Hˆm |m, lj〉 =
mc2 |m, lj〉. Constructed modes are a mathematical trick
rather than a real physical description in some rest ref-
erence frame. We only rewrote the Hamiltonian using
new sets of modes, but such operator does not possess
Lorentz-invariance property nor even covariance. We can
construct an exactly the same mode basis in any refer-
ence frame, but we must transform our multiphoton wave-
packet state in accordance with Lorentz-transformations
which affect both energy and momentum. Nevertheless,
presented approach gives simple classification of states
with fixed value of LI mass. For instance, let us con-
sider wave-packets |Φ1〉 and |Φ2〉 that have the same value
of LI mass, and even the same direction of mean propa-
gation velocity in some laboratory reference frame, but
|Φl.f.1 〉 6= eiδ |Φl.f.2 〉, δ is an arbitrary phase. We can sup-
pose that wave-packets have a common rest frame. Using
(33) we decompose our states:
|Φ1,2〉r.f. =
∑
l,j
∫
〈m, ljΦr.f.1,2〉 |m, lj〉 dm
=
∑
l,j
β
[m]
1,2l,j |m, lj〉 ;
β
[m]
1,2l,j =
∫
φ1,2
(
~k
)
Y ∗l,j
(
θ~k, φ
r.f.
~k
) δ(k − km)
k
d~k,(36)
where φr.f.1,2
(
~k
)
is an amplitude of wave-packets in the
rest frame. Note that if the state has a fixed LI mass and
~p = 0, that means that we can use orthogonality property,
so integration over km in (36) vanishes. We can write a
scalar product of two states (m is fixed value of LI mass):
〈Φr.f.1 Φr.f.2 〉 =
∑
l,j
β
∗[m]
1l,j β
[m]
2l,j . (37)
Thus, spherical harmonic expansion coefficients β
[m]
2l,j spec-
ify all possible states with given LI mass, as we proposed.
One can decompose any function describing wave-packet
state using this modes with well-defined LI mass accord-
ing to (31) or expand any field operator. Theoretically,
one can model a multiphoton wave-packet in a rest ref-
erence frame by using the basis set of states with well-
defined LI mass, and then transform it back to the lab
frame. Choosing value of the mean energy in lab refer-
ence frame to be 〈H〉l.f., we can calculate the relativistic
gamma factor γ = 〈H〉l.f. /mc2 and make proper Lorentz
transformation. For a classical light pulse, the transition
between reference frames is straightforward [25]. Electric
and magnetic field components are transformed as com-
ponents of an electromagnetic field tensor under Lorentz
transformation. In turn, the Lorentz transformation of
a multiphoton wave-packet state is a little bit tricky. We
recommend papers [26] and [27] for comprehensive details,
where direct guidelines of how to calculate such transfor-
mation are given. Also, authors pointed out a problem
which is related to the gauge freedom of the electromag-
netic field. It is claimed that one can perform proper
transformation by fixing the gauge and derive a special
rule to correct transformation of polarization degree of
freedom [27]. Specific examples of such transitions are
beyond the scope of this paper and will be considered in
further research.
V. DISCUSSION AND CONCLUSION
Let us emphasize key results of the present work:
1. We presented a physically reasonable prove that an
arbitrary spatially localized wave-packet state prop-
agates (in vaccum) with a mean velocity related to
LI mass. More importantly, we emphasize the fact
that mean propagation velocity is directly defined
by mode-structures or one may say by geometry of
an amplitude in k - space.
2. We conclude that the mean propagation velocity of
an arbitrary multiphoton spatially localized wave-
packet, which occupies finite spatial volume during
propagation, is less than the speed of light constant
in vacuum. This slowing-down effect can be ob-
served in the experiment by the means of the inten-
sity photodetection with a "bucket" detector, where
the wave-packet state is registered as a whole.
3. We provided an overview of the Lorentz invari-
ant mass applicable to the multiphoton wave-packet
states.
It is worth to mention that it is challenging to con-
struct LI mass operator based on (2), because operations
|trˆ̺~ˆp| 6= trˆ̺|~ˆp| are not generally commutative. Moreover
fully relativistic treatment of localized wave-packet states
is much more complicated. It gives rise of other nontrivial
questions regarding photon position operators and posi-
tion representations. For instance, we recommend works
by M. Hawton [28, 29] for details. From our analysis, it
is clear that LI mass rather directly depends on the am-
plitude (modes) structure, but ties together corpuscular-
wave nature of electromagnetic quanta. Also, we present
a specific set of states with well defined LI mass where
this corpuscular-wave nurture is clearly manifested.
We believe that discussed effects can be effectively ob-
served in experiment. For instance recently developed
TimePix [30–33] camera allows one to detect time of ar-
rival and measure spectral-temporal correlations using an
array of approximately 65000 pixels, which is in fact a
combination of independent detectors. In Section III high
orders of correlation functions are mentioned in context of
7possible enhancement of experimental setups and achiev-
ing high precision. Nowadays, such computationally com-
plex task could be considered efficiently from the ma-
chine learning perspective. New methods arising from this
field have already enabled a vast variety of applications in
physics. Machine learning proved its efficiency in enhance-
ment of traditional experimental techniques, for example
[34]. High order correlation analysis is very similar to im-
age processing, which is one of the most developed areas
of machine learning. In addition, TimePix camera men-
tioned above allows one to collect the required amount of
training data, which is an essential part of any data driven
approach.
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VII. APPENDIX
This part is aimed to provide the rigorous mathematical
justification of results, described in Section III. We start
our derivation by focusing on the intensity distribution
at given point and time interval t + dt for an arbitrary
n-photon wave-packet state. We remind that intensity
distribution is:
pz (~r⊥, t) =
Γ(~r, t, ~r, t)∫
Γ(~r, t, ~r, t)d~r⊥dt
, (38)
and
〈v〉 = | 〈∂~r
∂t
〉 | = |
∫
∂~r
∂t
pz (~r⊥, t) d~r⊥dt| (39)
The above expression (39) can be significantly simplified
by integrating over d~r⊥dt as follows. Owing to n-photon
state vector (20) does not depend on neither coordinates
nor time and taking into account linearity of operators,
one can swap integration over coordinates and the quan-
tum mechanical averaging, namely
∫
d~rdt 〈ΨA(~r, t)Ψ〉 =
〈Ψ(∫ A(~r, t)d~rdt)Ψ〉. At first, it is easy to notice that the
denominator in (38) is just the mean energy multiplied by
coefficient 2π:
〈Ψ
∫
~ˆE(−)(~r, t) ~ˆE(+)(~r, t)d~r⊥dt Ψ〉 = 〈Ψ| ~c
(2π)2
×
∑
s,s′
∫
d~k′d~k
[
~ε∗~k′s′~ε~ks
√
kk′aˆ†s′(~k
′)aˆs(~k)×
ei((
~k−~k′)~rj−(ωk−ωk′)tj)d~rj⊥dtj
]
|Ψ〉 =
(2π~c) 〈Ψ
∑
s
∫
d~kkaˆ†s(~k)aˆs(~k)Ψ〉 = 2π 〈Hˆ〉 , (40)
where we use well-known Dirac delta function inte-
gral representations:
∫
ei(
~k−~k′)~r⊥d~r⊥ = (2π)2δ(~k − ~k′),
∫
e−i(ωk−ωk′)tdt = 2πδ(ωk − ωk′), and relation ωk =
c
√
k2x + k
2
y + k
2
z . The second simplification can be
achieved in (39) by swapping again quantum averaging
over state and integration over d~rdt together with partial
derivative ∂~r∂t . As a result we have to calculate:
〈Ψ|
∫
∂~r
∂t
~ˆE(−)(~r, t) ~ˆE(+)(~r, t)d~rdt |Ψ〉 =
〈Ψ|
∫
∂
∂t
(
~r ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)d~r
)
dt−
∫
~r
(
∂ ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)
∂t
dt
)
d~r |Ψ〉 (41)
The expression at the bottom in (41) vanishes. It is
clear from exact view of field operators in (40). In-
deed, the differentiation over t yields that integral vanishes∫ · · ·−i(ωk−ωk′)e−i(ωk−ωk′)tdtd~kd~k′ = 0 owing two subse-
quent integration over the time. Now, our main goal is to
calculate integral
∫
∂
∂t
(
~r 〈Ψ ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)Ψ〉 d~r
)
dt.
Here we can use the following mathematical trick. Let us
specify direction of ~r = |r⊥|~e⊥ + z~ez in fixed coordinate
system {~e⊥, ~ez}. We substitute ~r in (41) and use explicit
expressions of the field operator (23) in (41) on the next
step. Now, we obtained two terms multiplied by basis
vectors ~e⊥ and ~ez:
∑
s,s′
∫
〈Ψaˆs′(~k′)†aˆs(~k)Ψ〉· · ·
∫ (
~r⊥ei(
~k⊥−~k′⊥)~r⊥d~r⊥
)
×
e−i(ωk−ωk
′)tei(kz−k
′
z)zd~k⊥d~k′⊥dkzdk′z +
~ez
∑
s,s′
∫
〈Ψaˆs′(~k′)†aˆs(~k)Ψ〉 . . .
(
zei(kz−k
′
z)z
)
×
δ(~k⊥ − ~k′⊥)e−i(ωk−ωk
′)td~k⊥d~k′⊥dkzdk′z (42)
To avoid cumbersome expressions further we will write
down only the most important terms. Let us modify ex-
pression above (42) by rewriting the two following terms:
1 : zei(kz−k
′
z)ze−i(ωk−ωk
′)t =
∂
i∂(kz − k′z)
[
ei(kz−k
′
z)ze−i(ωk−ωk′ )t
]
−
ei(kz−k
′
z)z
[
∂
i∂(kz − k′z)e
−i(
√
k2
⊥
+k2z−
√
k′2
⊥
+k′2z)ct
]
2 :
∫
~r⊥ei(
~k⊥−~k′⊥)~r⊥d~r⊥ =
∂δ(~k⊥ − ~k′⊥)
i∂(~k⊥ − ~k′⊥)
. (43)
We already noticed after eq.(41) that the subsequent dif-
ferentiation and integration over time gives zero value,
if terms like (ωk − ωk′)e−i(ωk−ωk′+... )t are presented in
the integrals. Moreover, as far as coordinates z and r⊥
depends on time linearly and does not lead to confu-
sion by adding non-linear dependence on time. Thus,
it is clear that first term in expression 1: (43) gives
non-zero value after it substitution in (42) and then
subsequent time differentiation and integration. Here
we implemented the well-known property of a delta-
function
∫
f(y) ∂∂y δ(y − y0)dy = −∂f(y0)∂y0 . Indeed, uti-
8lizing this this property, we get the following term:
ct
[
∂
(√
k2
⊥
+k2z−
√
k′2
⊥
+k′2z
)
∂(kz−k′z)
]
e
−i
(√
k2
⊥
+k2z−
√
k′2
⊥
+k′2z
)
ct
. The
presence of this terms in integrals leads to nonzero re-
sults after time differentiation-integration over time t and
integration over variables ~k, ~k′. Somewhat similar situ-
ation occurs regarding term 2 in (43). Here, term like
ct
[
∂
(√
~k2
⊥
+k2z−
√
~k′
2
⊥
+k′2z
)
∂(~k⊥−~k′⊥)
]
e−i(ωk−ωk′+... )t occurs in (42).
To perform differentiation let us make variable changes:
~k⊥ − ~k′⊥ = ~η−; ~k⊥ + ~k′⊥ = ~η+
k2⊥ = (1/4)
(
η2− + η
2
+ + 2η−η+ cos(α)
)
;
k′2⊥ = (1/4)
(
η2− + η
2
+ − 2η−η+ cos(α)
)
; (44)
In turn, for kz − k′z we have:
kz − k′z = ξ−
kz + k
′
z = ξ+. (45)
For the term
∂
(√
~k2
⊥
+k2z−
√
~k′
2
⊥
+k′2z
)
∂(~k⊥−~k′⊥)
after variable change
we get:
∂
(√
k2⊥( ~η−, ~η+) + k
2
z −
√
k′2⊥( ~η−, ~η+) + k′
2
z
)
∂~η(−)
=
1
2 ~η+√
(1/4)η2+ + k
2
z
|~η−≡0 =
~k⊥
k
(46)
Identical for the term differentiated over kz − k′z yields:
∂
(√
k2⊥ + k
2
z −
√
k′2⊥ + k′
2
z
)
∂ (kz − k′z) =
kz
k
(47)
Note that we took derivatives over η− and ξ− at points
where η− and ξ− are zero, consequently it means that
~k⊥ = ~k′⊥ and kz = k′z . Finally, substituting (43) and (42)
in (41), excluding all zero-valued terms, using the explicit
form of n-photon state |Ψ〉 in (20) and performing long but
straightforward algebraic manipulations we finally get:∫
∂
∂t
(
~r 〈Ψ ~ˆE(−)(~r, t) ~ˆE(+)(~r, t)Ψ〉 d~r
)
dt =
c
∫
(k⊥~e⊥ + kz~ez)
∑
s
|ψs
(
~k
)
|2d~k = c 〈~ˆp〉 (48)
Therefore, combining all results above we prove that
〈v〉 = | 〈∂~r
∂t
〉 | = c | 〈~ˆp〉 |〈H〉 (49)
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